Embedded fracture networks in rock masses are studied. The fluid flow in fracture networks with respect to variation of connectivity patterns is analyzed. Lattice Boltzmann method is used to show sensitivity of the permeability and fluid velocity distribution to connectivity patterns of generated fracture networks. Furthermore, fracture networks are mapped into the graphs and the characteristics of theses graphs are compared to the main spatial fracture networks. Among these characteristics, node's degrees, clustering of edges and sub-graphs distribution are investigated. Implemented power law distributions of fracture length -in spatial fracture networks-yield the same node's degree distribution in transformed networks. Two general spatial networks are considered: random networks and networks with "hubness" properties (both with power law distribution of fracture length). In the first case, the fractures are embedded in a uniformly distributed fracture sets while the second case covers spatial fracture zones. The abnormal change (transition) in permeability is controlled by hub growth rate. Also, comparing LBM results with characteristic mean length of links of transformed networks shows a reverse relationship between the mentioned parameters. In addition, the abnormalities in advection through nodes are presented. As the last part of our research, the cubic law of transmitivity of each fracture is implemented in COMSOL software. The results of the later analysis are compared to LBM and advective flow-based networks equation.
Introduction
Fracture networks embedded in different structures are the subject to the wide different research areas. However, the main relevant of fracture networks are propagation of fractures (cracks) in brittle materials. Complex form of linked cracks inspires scientists to develop several theories to capture the general mechanisms of fracture network formation. One of the branches of these theories is associated with single fracture mechanics. As a complementary accomplishment to the first approach, interaction of fractures yield modified stress filed. Then, the concentration of stress or variation of strain satisfies yielding criteria [1] . Inducing disorder into the system (say intact rock) gives the path of propagation of fracture. This branch of fracture propagation covers a wide range of methods as well as linear elastic fracture methods, effective medium theory, finite element or boundary element to tackle with complex geometries, molecular dynamics based methods (i.e., distinct element methods) to give a detail insight into the system, lattice based methods associated with random fuse models or random beam methods and finally the methods based on statistical field theory like interface or string growth methods [2] [3] [4] [5] .
The second approach corresponds with the collective observations through controllable laboratory tests and field data. Then, obtained patterns are analyzed using pattern recognition techniques and eventually the aim is to organize simple rules to satisfy the same characteristics (features or attributes) of the fracture system. The remarkable simplicity of these methods is originating from statistical methods which unavoidably are associated with the statistical physics.
To be specific, the most well known methods and employed methods -under the second approach-employ statistical techniques to fracture networks which try to satisfy general characteristics of fracture networks like distribution law over density, length, directionality, distance, fractal dimension or characteristics of flow propagation like permeability [6] [7] [8] [9] .
The first steps in analysis structural configurations of fractures included fractality of fracture systems. Having a fractal dimension with small variation indicates the system is a universality property. However, there is not such universal dimensionality in fracture networks as if noticeable researchers have recognized two fractal dimensions for roughness (nondirectional) of a single fracture [10] . Furthermore, the recent developments in graph theory [11] [12] [13] [14] [15] , during the past decade, opened a new chapter in analysis of large interwoven systems (complex systems). This new perspective tackles with another facet of complexities embedded in fractured materials called structural or topological complexity while the statistical methods investigate uncertainties as the probability or in more advanced form other uncertainties approaches (like fuzzy set theory, rough set theory or evidence theories). The interested topics in this field might be summarized as follows: 1) Transformation of spatial networks in graph forms;
2) information propagation (fluid flow, energy or waves) through networks; 3) Deformation of fractures due to mechanical or hydro-mechanical forces and generally the reaction of a disordered system like fracture system to external forces.
Our focus in this study is to generate different configurations of spatial fracture networks.
In this way, we try to use the simplest algorithms to fracture network generation. Then we transform spatial fracture networks in graph forms where we ignore the spatial distribution of fractures. The advantages of theses transformation are linking the regular fracture networks to modern graph theory. The fracture zones as a high density of fractures also as the abnormal emergence of fractures are another part of our research. We present a simple algorithm which gives the directionality and effective radius of the hubs while the growth of hubs under a back growth of random joints is taken into account. Advection of information (here fluid flow) through the generated spatial network and transformed networks is the main part of our research.
To analysis fluid flow, three different methods were employed. To obtain the fluid flow patterns, velocity, pressure distribution and permeability, for the spatial fracture networks; we use lattice Boltzmann method (LBM) and finite element method (FEM). In addition to this, advection based network equation is used over transformed networks. The organization of the paper is as follows. The first section presents a simple algorithm to generate fracture networks and the way to map into the graphs. Then in this section we introduce some basic characteristics of graphs. The next section summarizes three methods, LBM, FEM and advection based networks, to model fluid flow (laminar) in fracture networks. The main part of our study will be covered in section 4 where we present the results and discussion on accuracy of the employed methods. Finally, the last section gives the summery and conclusion of the present work.
Fracture etworks and Graph Theory
In this part, a simple algorithm is introduced to cover main characteristics of fracture networks. Then, the method to transformation of constructed fracture networks into graphs forms and the distinguished characteristics of graphs are demonstrated.
Random Fracture etworks
Several algorithms based on the second approach-presented in the introduction part-have been proposed to generate and cover the main statistical properties of natural fracture networks.
The simplest algorithms in 2D consider distribution of fracture length, dip direction of joint sets and joint spacing [7] [8] [9] . New generations of fracture networks algorithms (or Discrete Fracture Networks: DFN) consider other parameters which increase the accuracy of the estimations like fracture density parameter (as the number of fracture per length/area or volume); fractal dimension where fractallity of the fracture centers is imposed through a hierarchal multiplicative process [9] . Most of the mentioned algorithms (and codes) impose a power law or modified power law distribution to fracture length. Cut-off value in power law distribution shows collapsing data set which shows a same mechanism/signature in the modeled data set. The basic idea in the behind of the power law distribution of fractures is yet a challenging question.
However, recent developments in graph theory have tried to give a reasonable answer. The backbone of power law or sub-classes of power law distribution is originated from defection and absorption elements while probability of finding of small defection is much higher than large defections. Based on this idea the mother-daughter algorithm to generate fracture networks has been developed in which the main joint gives birth to "children' [16] 1 . In other words, new weak generations intended to attach to main defection ("Mother").
In three dimension scenarios each individual fracture is assumed as triangle, circle or any other polygon shapes where the consecutive generations based on the pre-set parameters is completed [17] . Another main attribute in fracture system is density or spatial density of fractures. This property yields the possible concentration of fractures in space as well as fracture tips, around tunnels, the interface between two layers and generally any sharp or disturbed subfields within the system. The equivalent definition of such fracture zones may be found in modularity and hubness concept in which the groups, communities or dense clusters, through random links, communicate with each other [18] . Our algorithm captures the power law distribution, directionality of joint sets and "hubness" properties of networks, as it is described as follows ( Figure 1 ).
Our algorithm is based on power law distribution of fracture length ( ) p l l We show with this implementation the distribution of links -in transformed shape of fracture networks-for a wide range of gamma parameter obeys from power law distribution, indicating scale free networks. In other words, with the described method, we achieved modular networks with power distribution either in transformed networks. 
Modern Graph Theory
A network consists of nodes and edges connecting them [11] [12] . In order to analyze the network properties of the generated fracture networks, we map into each fracture generation a 2 . Apertures have the same value along a fracture.
n_g=200; %Number of Generations n=300; %Number of grids NJS =2; %Number of Joint set gama=.55; %parameter related to broadness of fracture length alpha=5*n./2; %parameter to scale the power law hub_growth=3;% reciprocal of growth rate of fractures around hubs Back_growth=2;%reciprocal of growth rate of background fractures corresponding node in a graph space. When two fractures are intersected, two nodes are connected by a link. This procedure is illustrated in Figure 2 , and enables us to investigate the networks using the tools from modern network theory discussed in the following. .
The closer C is to one the larger is the interconnectedness of the network. The connectivity distribution (or degree distribution), ( ) P k , is the probability of finding nodes with k edges in a network. In large networks, there will always be some fluctuations in the degree distribution. The large fluctuations from the average value ( k < > ) refers to the highly heterogeneous networks while homogeneous networks display low fluctuations [12] [13] . The average (characteristic) path length L is the mean length of the shortest paths connecting any two nodes on the graph. The shortest path between a pair (i, j) of nodes in a network can be assumed as their geodesic distance, ij g , with a mean geodesic distance L given as below [12] :
where ij g is the geodesic distance (shortest distance) between node i and j, and is the number of nodes. Based on the mentioned characteristics of networks two lower and upper bounds of networks can be recognized: regular networks and random networks (or Erdős-Rényi networks [12] ). Regular networks have a high clustering coefficient (C ≈ 3/4) and a long average path length. Random networks (construction based on random connection of nodes) have a low clustering coefficient and the shortest possible average path length. However Watts and Strogatz [11] [12] introduced a new type of networks with high clustering coefficient and small (much smaller than the regular ones) average path length.
Analyzing the internal structures of networks from another perspective, the granulations of internal structures (local building blocks) through the obtained networks are presented by subgraphs and motifs. The subgraphs are the nodes within the network with the special shape(s) of connectivity together. The relative abundance of subgraphs has been shown to be an index to the functionality of networks with respect to information processing. Also, they correlate with the global characteristics of the networks [19] [20] . The network motifs introduced by Milo et al. [19] are particular sub-graphs representing patterns of local interconnections between the nodes in the network. A motif is a sub-graph that appears more than a certain amount (other criteria can be found in literatures). A motif of size k (containing k nodes) is called a k-motif (or generally subgraph). 
where Q is the source/sink term, and T xx and T yy are the fracture transmissivity in x-and ydirections, respectively. In this paper, the local transmissivity at each point is assumed to be equal in x-and y-directions for simplicity and is defined by [21] : (5) where µ is the dynamic viscosity, f ρ the fluid density, g the gravitational acceleration, and b the mean fracture aperture, respectively. To solve Eq. (4), the commercial FEM software, COMSOL
Multiphysics [] was used to simulate flow processes. The local transmissivity of the fracture in our simulation for each generation of fracture is assumed a constants value.
Lattice Boltzmann Method (LBM)
Chronologically, the LBM is the result of the efforts to improve the Lattice Gas Cellular Automata (LGCA) [22] . The LBM predicts the distribution function of fictitious fluid particles on fixed lattice sites on discrete time steps in discrete directions. Two main steps in the LBM algorithm are the streaming and collision. In the streaming step, particles move to the nearest neighbor along their direction-wise discretized velocities. The streaming process is followed by collision step, where the particles relax towards a local equilibrium distribution function. In the single relaxation time LBM the collision operator is simplified to include only one relaxation time for all the modes. In the D2Q9 LBM, the fluid particles at each node are allowed to move to their eight nearest neighbors with eight different velocities, i e . The ninth particle is at rest and does not move. The fluid density and macroscopic velocities are calculated by properly integrating the particle distribution functions on each node. The evolution of distribution function in single-relaxation time LBM [22] [23] [24] is given by:
where for any lattice node, i x e t + ∆ is its nearest node along the direction i; τ is the relaxation time;
eq i f is the equilibrium distribution function in direction i. The macroscopic fluid variables, density ρ and velocity can be obtained from the moments of the distribution functions as follows:
while the fluid pressure field p is determined by the equation of state of an ideal gas: 
Once the macroscopic velocity field is determined, the permeability of the medium under study can be predicted using Darcy's law:
where v , K , p ∇ and µ are the volume averaged flow velocity, permeability tensor, pressure gradient vector and the dynamic viscosity of the fluid, respectively. The fluid flow is driven by pressure (or by some external force) on the boundaries. To extract the correct permeability values, the system should be in the steady state. The computation is in the steady state when the relative change of the average velocity is less than a tolerance variable (here 10 -9 ).
More details about the different numerical and technical aspects of the LBM can be found elsewhere [22] [23] [24] .
Advection Based etwork Equation
For a given network with nodes, the degree of the node and laplacian of the connectivity matrix are defined by [25] : 
Results and Discussion
In this section, the results of our simulation based on the mentioned methods are presented. Two-dimensional fracture networks were generated at the percolation threshold, where there is a continuous path from one side of the system to the other. All of the cases had 270 *270 grids except one case which includes 650*650 grids. The first case (upper row in Figure 3a ) was a complex case that included a uniform distribution of apertures for the whole of fractures. However in all of other cases the similar values of opening (aspect ratio) were chosen for generated fractures. As it has been depicted in Figures 3 and 4 pressure). More fracture zones generally reduces permeability of the total system however its reduction magnitude depends on quality of links among modules (back ground rock joint). shows approximately the same patterns in fluid flow path .We expect the results, for permeability or twistability, will display the same answer for both of the methods. Now, we map the spatial joint networks into graphs with using the described method in section 2.2. We distinguish how different hubness parameters affect the hierarchical patterns in fractures. Also, using the method described in section 3.3 distribution of velocity over nodes in It suggests the index 4 (and somehow 2 7 ) implies for most channelized flow and possibly with low value of twistability. Indexes 3 and 5 indicate such abnormality in fluid flow and index 6 .The results presented here is the mean results for 5 times realizations. The injection of particles from not-similar points like figures 4-7 also might be questionable but It can be probed that the general distribution would not be affected. 7 . We analysed this fact in a single shear fracture ;see H.Ghaffari et al, Fluid flow analysis in a rough fracture (type II) using complex networks and lattice Boltzmann method, PanAm-CGS (2011), Toronto-Canada . 
Conclusions
We studied fracture networks in rock mass. dramatically change the transport properties of rock mass. Our study might be confirmed with doing more realizations over several cases.
